We prove the existence and uniqueness of a common fixed point of compatible mappings of integral type in modular metric spaces. MSC: Primary 47H09; 47H10; secondary 46A80
Introduction and preliminaries
The metric fixed point theory is very important and useful in mathematics. It can be applied in various branches of mathematics, variational inequalities optimization and approximation theory. In , Jungck [] proved a common fixed point theorem for commuting maps generalizing the Banach contraction mapping principle. This result was further generalized and extended in various ways by many authors. On the other hand, Sessa [] defined weak commutativity as follows.
Let (X, d) be a metric space, the self-mappings f , g are said to be weakly commuting if d(fg(x), gf (x)) ≤ d (g(x) , f (x)) for all x ∈ X. Further, Jungck [] introduced more generalized commutativity, the so-called compatibility, which is more general than weak commutativity. Let f , g be self-mappings of a metric space (X, d). The mappings f and g are said to be compatible if lim n→∞ d(fg(x n ), gf (x n )) = , whenever {x n } ∞ n= is a sequence in X such that lim n→∞ f (x n ) = lim n→∞ g(x n ) = z for some z ∈ X. Clearly, weakly commuting mappings are compatible, but neither implication is reversible. Let X = [, ) with the usual metric. We define mappings f and g on X by result [] to compatible maps in metric modular spaces. The notions of a metric modular on an arbitrary set and the corresponding modular space, more general than a metric space, were introduced and studied recently by Chistyakov [] . In the sequel, we recall some basic concepts about modular metric spaces.
is said to be a metric modular on X if it satisfies the following three axioms:
(i) given x, y ∈ X, ω λ (x, y) =  for all λ >  if and only if x = y;
If, instead of (i), we have only the condition (i) ω λ (x, x) =  for all λ >  and x ∈ X, then ω is said to be a (metric) pseudo-modular on X. The main property of a (pseudo)modular ω on a set X is the following: given x, y ∈ X, the function  < λ → ω λ (x, y) ∈ [, ∞] is nonincreasing on (, ∞). In fact, if  < μ < λ, then (iii), (i) and (ii) imply
for all x, y ∈ X. If follows that at each point λ >  the right limit ω λ+ (x, y) := lim ε→+ ω λ+ε (x, y) and the left limit ω λ- (x, y) := lim ε→+ ω λ-ε (x, y) exist in [, ∞] and the following two inequalities hold:
for all x, y ∈ X. We know that if x  ∈ X, the set X ω = {x ∈ X : lim λ→∞ ω λ (x, x  ) = } is a metric space, called a modular space, whose metric is given by
for all λ >  and x, y ∈ X, then ρ is modular on X if and only if ω is metric modular on X.
Example . The following indexed objects ω are simple examples of (pseudo)modulars on a set X. Let λ >  and x, y ∈ X, we have:
) is a (pseudo)metric space with (pseudo)metric d, then we also have:
, where ϕ :
Definition . Let X ω be a modular metric space.
() The sequence {x n } ∞ n= in X ω is said to be convergent to
() A subset C of X ω is said to be closed if the limit of a convergent sequence of C always belongs to C.
() A subset C of X ω is said to be complete if any Cauchy sequence of C is a convergent sequence and its limit is in C.
() A subset C of X ω is said to be bounded if for all λ > , δ ω (C) = sup{ω λ (x, y); x, y ∈ C} < ∞.
A common fixed point theorem for contractive condition maps
Here, the existence of a common fixed point for ω-compatible mappings satisfying a contractive condition of integral type in modular metric spaces is studied. We recall the following definition.
Definition . Let X ω be a modular metric space induced by metric modular ω. Two selfmappings T, h of X ω are called ω-compatible if ω λ (Thx n , hTx n ) → , whenever {x n } ∞ n= is a sequence in X ω such that hx n → z and Tx n → z for some point z ∈ X ω and for λ > .
for some k ∈ (, ) and for λ > , where ϕ :
is a Lebesgue integrable function which is summable, nonnegative and for all
ε > , ε  ϕ(t) dt > . (.)
If one of T or h is continuous, then there exists a unique common fixed point of T and h.
Proof Let x be an arbitrary point of X ω and generate inductively the sequence {Tx n } ∞ n= as follows: Tx n = hx n+ for each n and
By the principle of mathematical induction, we can easily show that
which, upon taking the limit as n → ∞, yields
Hence (.) implies that
We now show that {Tx n } ∞ n= is Cauchy. So, for all ε > , there exists
for all n ∈ N with n ≥ n  and λ > . Without loss of generality, suppose m, n ∈ N and m > n. Observe that for
In the sequel, we prove that z is a common fixed point of T and h. By (.), we get
Taking the limit as n → ∞ yields
and so
Hence z = Tz  = hz  and also hz = hTz  = Thz  = Tz = z (see [] ). In addition, if one considers h to be continuous (instead of T), then by a similar argument (as above), one can prove hz = Tz = z.
Finally, suppose that z and ω are two arbitrary common fixed points of T and h. Then we have 
for all x, y ∈ B and for λ > , where c, k ∈ R + with k ∈ (, ), and ϕ :
integrable function which is summable, nonnegative and for all ε > ,
If one of T or h is continuous, then T and h have a unique common fixed point.
Proof Let x ∈ B and m, n ∈ N. Let {x n } ∞ n= be the sequence generated in the proof of Theorem .. Then 
Moreover, hTx n → Tz. Next, we prove that z is a fixed point of T. It follows from (.) that
, there exists a point z  such that z = Tz = hz  , and
Let z and ω be two arbitrary common fixed points of T and h. Then
which implies that ω λ c (z, ω) =  for λ >  and hence z = ω.
A common fixed point theorem for quasi-contraction maps
In this section, we prove Theorem . for a quasi-contraction map of integral type. To this end, we present the following definition. 
Theorem . Let X ω be a complete modular metric space. Suppose that T and h are (c, l, q)-generalized contractions of integral type self-maps of X ω and T(X ω ) ⊆ h(X ω ). If one of T or h is continuous, then T and h have a unique common fixed point.
Proof Choose c > l. Let x be an arbitrary point of X ω and generate inductively the sequence {Tx n } ∞ n= as follows: Tx n = hx n+ and T(X ω ) ⊆ h(X ω ). We thus obtain
It follows from Tx n = hx n+ that
Moreover,
Continuing this process, we get
So 
. This implies {Tx n } ∞ n= is a Cauchy sequence. Since X ω is complete, there exists z ∈ X ω such that ω λ c (Tx n , z) →  as n → ∞. Next we prove that z is a fixed point of T. If T is continuous, then T  x n → Tz and Thx n → Tz. By the ω-compatibility of X ω , we
Taking the limit as n → ∞, we get
It follows that z = Tz  = hz  and also hz = hTz  = Thz  = Tz = z (see [] ). Moreover, if h is continuous (instead of T), then by a similar argument (as above), we can prove hz = Tz = z. Let z and ω be two arbitrary fixed points of T and h. Then
which implies that z = ω.
Generalization
Here, we extend the results of the last section. We need a general contractive inequality of integral type. Let R + be a set of nonnegative real numbers and consider ( * ) φ : R + → R + as a nondecreasing and right-continuous function such that φ(t) < t for any t > . To prove the next theorem, we need the following lemma []. 
Lemma . Let t > . φ(t) < t if only if
for each integer n ≥  and λ > . By the principle of mathematical induction, we can easily see that
Taking the limit as n → ∞, we obtain, by Lemma .,
Using the same method as in the proof of Theorem ., we show that T and h have a unique common fixed point.
Applying the method of proof of Theorem ., we get the following result.
Theorem . Let X ω be a complete modular metric space. Suppose c, l ∈ R + , c > l and 
Application
In the section, we assume that R = (-∞ 
Ah(x) ≤ u(x, y) + H x, y, h T(x, y) . (  .  ) Put H  = H(x, y, g(T(x, y))), H  = H(x, y, h(T(x, y))), H  = H(x, z, g(T(x, z))), H  = H(x, z, h(T(x, z)))
. 
